In this paper we investigate the innermost stable circular orbit (ISCO) of a spinning test particle moving in the rotating Maxwell-dilaton black hole spacetime. By using the Mathisson-PapapetrouDixon equations along with the Tulczyjew spin-supplementary condition, we find the equations of motion in the equatorial plane and, from the radial equation, it is obtained the effective potential for the description of the particle's motion. The obtained trajectories show that the ISCO radii for spinning particles moving in rotating charged backgrounds are always smaller than those obtained in the corresponding Kerr-Newman spacetimes. The increasing in the particle's spin produces a decrease in the ISCO radius in all the studied cases, with a maximum value for the spin and a corresponding minimum ISCO radius, obtained by imposing a condition that guarantees the timelike nature of the particle's worldline.
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I. INTRODUCTION
One of the most interesting properties of the orbits of massive particles in general relativity is that there is a minimal radius at which they may have stable circular motion around a compact object such as black holes. This innermost stable circular orbit (ISCO) is defined by the geometrical properties of spacetime, i.e. the background metric, but it may be also corrected by the spinning properties of the moving particle. One of the first studies in this area was made by Suzuki and Maeda [1] in which they considered the equatorial motion of a classical spinning particles in both Schwarzschild and Kerr metrics in the "pole-dipole" approximation, obtaining the properties of the ISCO numerically. Later, Jefremov et. al. [2] studied the same motion to find the corrections to the ISCO radius using the approximation of small spin and recently, Zhang et. al. [3] studied the same configuration, imposing the additional condition that the velocity of the spinning particle must remain timelike.
The apparition of the ISCO is not exclusive of general relativity. In fact many geometric theories of gravity with solutions representing compact objects such as black holes have orbits of particles with similar properties. A special case corresponds to low-energy effective field theory describing string theory, which have been shown to * cacondeo@unal.edu.co † cagalvisf@unal.edu.co ‡ ealarranaga@unal.edu.co contain black hole solutions with properties that are qualitatively different from those that appear in general relativity, but share some of the orbit motion properties.
In this work we will analyze the circular motion of a spinning particle moving around the Sen black hole [4] which is an exact solution in the low-energy effective heterotic string theory representing a compact object with a finite amount of electric charge and angular momentum. This solution generalizes the charged static metric known as the GMGHS black hole [5] [6] [7] [8] .
The work in this paper is organized as follows. In Section 2 we give a brief review of the rotating Maxwelldilaton charged black hole. In Section 3 we obtain the equations of motion for a spinning test particle in this black hole background. For this purpose, we adopt the tetrad formalism to find the four-momentum components by using the conserved quantities equations associated with the corresponding Killing vectors in the tetrad frame. Afterward, we find the four-momentum components in the coordinate frame and based on both Riemann and spin tensors calculation, we get the equations of motion in the equatorial plane. In Section 4 we define the effective potential of the spinning test particle and compute numerically the Innermost Stable Circular Orbit (ISCO) and impose an additional constraint to ensure that the velocity of the particle is always timelike. The solution of these equations let us obtain the ISCO properties in terms of the spin of the test particle. Finally, some conclusions are given in Section 5.
II. THE KERR-SEN BLACK HOLE
The Einstein-Maxwell-Dilaton rotating black hole solution that will be considered in this work arises from the action of low energy heterotic string theory in four dimensions, which can be written in the string frame as [4, 9] 
where R is the scalar curvature, Φ is the dilaton field, the Maxwell field A µ enters in the term 
The stringy effects are mediated by the factor e −Φ and therefore we obtain the Einstein metric, through the conformal transformation
µν . Sen [4, 9] found a charged, stationary, axially symmetric solution of the field equations resulting from the above action in the Einstein frame by using target space duality applied to the Kerr solution. This solution has a vanishing field H and no cosmological constant. Its line element, in generalized Boyer-Linquist coordinates, is further calculations, we mention here the non-vanishing components of the inverse metric for the Kerr-Sen solution,
III. EQUATIONS OF MOTION FOR A SPINNING PARTICLE
The motion of a spinning test particle in the background of the Kerr-Sen black hole are given by the Mathisson-Papapetrou-Dixon equations [10] [11] [12] ,
where
is the 4-velocity of the test particle while P µ is its 4-momentum and R µ νρσ is the Riemann tensor of the KerrSen metric. The antisymmetric tensor S µν = −S νµ is the spin tensor of the test particle, which gives its spinning angular momentum, s, through the relation
There is also a freedom in the choice of a spinsupplementary condition which may produce different trajectories [3] . In this work, we will choose the Tulczyjew spin-supplementary condition,
which restricts the spin tensor to generate only rotations [13] . It is also important to note that, although the momentum vector of the orbiting particle satisfies the normalization condition P µ P µ = −m 2 , the particle's velocity may not. In fact, when the orbiting particle is spinning, its momentum vector is not always parallel to its velocity vector and therefore the later may be timelike or spacelike along the trajectory.
In order to obtain the equations of motion for a spinning test particle in the Kerr-Sen spacetime, we proceed by defining a local orthonormal tetrad such that the metric in Eq. (2) writes
where the latin indices label the tetrad. Hence, the tetrad components are
while the inverse elements are obtained using the relation
giving
If the test particle moves on the equatorial plane, equations (12) and (13) imply that the only nonvanishing component of the spin vector is s (2) = −s [14] . Therefore, the nonvanishing components of the spin tensor in the tetrad frame are,
Note that in the Kerr-Sen black hole there are two Killing vectors, ξ µ ≡ (1, 0, 0, 0) and φ µ ≡ (0, 0, 0, 1). In the tetrad frame, the components of these vectors are
For a spinning test particle, the conserved quantity corresponding to a given Killing vector ζ is
Using (23) in the tetrad frame and using the antisymmetry relation of the spin tensor together with the Killing
, the conserved quantities associated with the Killing vectors ξ and φ are the energy C ξ = E and the angular momentum C φ = J. The equations for these constants of motion are,
where the nonvanishing components of the covariant derivatives of the Killing vectors in the tetrad frame are given by
In order to study the circular motion of the spinning particle, we will consider equatorial motion, i.e. θ = π 2 , and therefore P (2) = P (θ) = 0. Using the conservation equations (24)-(25) and the relation P (a) P (a) = −m 2 , the components of the 4-momentum of the spinning particle in the tetrad frame are
with
1 Equations for the tetrad components and the covariant derivatives of the Killing vectors are given here to correct some typos appearing in the work of An et. al. [15] .
The 4-momentum components in the coordinate frame are obtained through the projection P µ = e µ (a) P (a) , giving
Using the Tulczyjew spin-supplementary condition (16), the components of the spin tensor are
and after expanding equation (15) and replacing (32) we obtain,
where g = det(g µν ). Therefore, the nonvanishing spin tensor components in the Kerr-Sen background can be written as
The equations of motion in (12)- (13) can be expressed in terms of the spin tensor components as
(35)
The nonvanishing components of the Riemann tensor relevant in these equations are presented in the appendix. Substituting these values, the nonzero components of the 4-velocity arė
(37)
IV. ISCO OF A SPINNING PARTICLE MOVING AROUND THE KERR-SEN BLACK HOLE
In order to determine the ISCO for a spinning test particle in the Kerr-Sen geometry, we consider the square of P 1 , which can be factorized, introducing the specific energy and angular momentum of the particle, e = E m and j = J m , as
where A, B and C are:
and K 1 , K 2 , K 3 , K 4 are defined as
Sinceṙ is parallel to P 1 , the condition for circular orbits,ṙ = 0, implies that P 1 = 0 and therefore it is possible to define an effective potential for the spinning test particle in the Kerr-Sen spacetime as
The typical behaviour of this effective potential is shown in Figure 1 . The chosen parameters are such that the spinning test particle has angular momentum l = 4 and the black hole has a = 0.25 and Q = 0.25 and the curves correspond to different values of the particle's spin, s. 
it is possible to obtain the parameters s, e and j defining the ISCO for the spinning test particle. However, there is one more thing to take into account. As we mention above, since the orbiting particle is spinning, its momentum vector P µ is not always parallel to its velocity u µ . Therefore, in order to ensure the motion of the test particle to be physical, we will also impose a superluminal constraint,
A. Spinning Particle in Schwarzschild's Background
Setting a = 0 and Q = 0 in equation (2) it is recovered the Schwarzschild black hole. By solving numerically the ISCO equations for different values of s, it is obtained the orbit radius r ISCO , the specific angular momentum l ISCO , and the specific energy e ISCO , as shown in Figure  2 . The vertical line at s ≈ 1, 6518 divide the plot in two parts according to the norm of the velocity vector; for values in the unshaded side, the velocity is timelike and the motion is physically possible, while values of the parameters in the shaded side of the plot give a spacelike velocity vector and hence, a non-physical motion. Note that non-spinning particles, s = 0, move at an ISCO with the well known radius r ISCO = 6M . As the particle's spin increases, the ISCO radius decreases, reproducing the results in [2] and [3] . This result can be understood noting that, when the particle has some positive value of spin, it adds an intrinsic contribution to the total angular momentum, allowing it to get closer to the compact object. This fact is stressed in the curve of the specific angular momentum, which also decreases as the spin increases. Similarly, the specific energy e also decreases as the spin gets larger.
In Table I the values of the ISCO parameters, together with the values of the angular velocity, Ω 2 3 , and the norm of the velocity vector, u 2 , are presented for different values of spin. From these, it is clear that the angular speed increases with the spin because the radius of the ISCO decreases and that the value of u 2 decreases, getting closer to zero (i.e. the particle increases its speed, approaching the speed of light), becoming first a light-like vector and after a spacelike vector in the gray region. These results reproduce those obtained by Zhang et. al. [3] . The values of the ISCO parameters at the point at which 
B. Spinning Particle moving in a GMGHS Background
The GMGHS black hole solution [5] [6] [7] [8] is obtained from the metric (2) This time, the superluminal constraint give maximum values of the particle's spin depending on the given value of Q, with the behavior shown in Figure 4 . Note that there is a maximum in the curve around Q = 0.55. In Figure 5 it is shown the ISCO radius for particles moving with the maximum spin for each value of the electric charge and it is compared with the corresponding value of the event horizon's radius.
On the other hand, given a fixed value of the particle's s rISCO lISCO eISCO Ω spin, the radius of the ISCO decreases for increasing values of the electric charge. This is shown in Figure 6 for s = −1, s = 0 and s = 1. Notice that when s = 0 the intercept is at r ISCO = 6 and the Schwarzschild case is recovered. Therefore, the overall effect of having a higher value for the black hole's electric charge is to decrease the radius of the ISCO. 
C. Spinning Particle moving in a Kerr-Sen Background
Now we consider non-zero values for both parameters a and Q. It is expected that the spin of the black hole must affect the motion the test particle and thus, modify the ISCO. The behavior is similar to that in Schwarzschild's and GMGHS backgrounds: when increasing the value of the particle's spin, the ISCO radius deecrases. However, there is another interesting result, the increase in the black hole's spin, a, makes the ISCO radius to decrease. The typical behavior of the ISCO parameters with the Kerr-Sen background is shown in Figure 7 and some of the numerical results obtained for different combinations of the parameters a and Q are reported in Tables V, VI , VII, VIII. When comparing our results with those obtained by Zhang et. al. [3] for the motion of the spinning particle in the Kerr-Newman background, we note a very important result: the ISCO radius in the Kerr-Sen background is always greater than the ISCO radius in the Kerr-Newman background with the same black hole's mass M , spin a and electric charge Q (for example compare our results  with Tables III, IV and V in Ref. [3] ). This fact may provide a method to discriminate one solution from the other from the observational point of view. 
V. CONCLUSION
The study of the motion of a spinning test particle in the Kerr-Sen background was done by solving, numerically, the motion and spin evolution equations, obtaining the parameters defining the innermost stable circular orbit.
We gave the ISCO parameters for different background cases, showing their dependence with the spin of the test particle. In summary this study yields the following results. The Schwarzschild's limit of the Kerr-Sen metric reproduces exactly the previously s rISCO lISCO eISCO Ω When considering the motion of the particle in the GMGHS background, it is shown that the ISCO radius is always smaller than the obtained for the Schwarzschild's metric with the same black hole's mass M . However, when comparing the ISCO parameters with those obtained in the Reissner-Nördstrom background with the same mass and electric charge we find that the ISCO radius in the GMGHS metric is greater than the corresponding in the Reissner-Nördstrom metric [3] .
Finally, when considering the general case with non-vanishing a and Q, we found that increasing spin of the test particle produces a decrease in the ISCO radius, consistently with the Schwarzschild's and GMGHS cases. When comparing the obtained ISCOs with those of a particle in the Kerr-Newman background [3] ; it is shown that, in general, the ISCO radius in the Kerr-Sen background is greater than the ISCO radius in the Kerr-Newman case.
